Let Kn denote the complete undirected graph on n vertices. A Steiner pentagon covering design (SPCD) of order n is a pair (Kn; B), where B is a collection of c(n) = n=5 n − 1=2 pentagons from Kn such that any two vertices are joined by a path of length 1 in at least one pentagon of B, and also by a path of length 2 in at least one pentagon of B. The existence of SPCDs is investigated. The main approach is to use certain types of holey Steiner pentagon systems. For n even, the existence of SPCDs is established with a few possible exceptions. For n odd, new SPCDs are found which improve an earlier known result. In addition, new results are also found for Steiner pentagon packing designs.
Introduction
Let K n be the complete undirected graph on n vertices. A pentagon system (PS) of order n is a pair (K n ; B), where B is a collection of edge disjoint pentagons which partition the edges of K n . A Steiner pentagon system (SPS) of order n is a pentagon system (K n ; B) with the additional property that every pair of vertices are joined by a path of length 2 in exactly one pentagon of B. It is known [10] that the spectrum of SPSs is precisely the set of all n ≡ 1 or 5 (mod 10), except n = 15 for which no such system exists. For other values of n, we have Steiner pentagon covering and packing designs.
A Steiner pentagon covering (SPC) of order n is a pair (K n ; B), where B is a collection of pentagons from K n such that any two vertices are joined by a path of length 1 in at least one pentagon of B, and also by a path of length 2 in at least one pentagon of B. It is well known that any SPS of order n gives a BIBD on n points with block size k = 5 and index = 2. Similarly, an SPC of order n may lead to a usual covering on n points with k = 5 and index = 2. It is known (see [11] ) that such a covering contains at least c(n) = n 5 n − 1 2 blocks. If an SPC(n) contains the minimum number of c(n) pentagons, we call it a Steiner pentagon covering design (SPCD), denoted by SPCD(n).
Example 1.1. There exists an SPCD(10) based on the set {0; 1; : : : ; 9}, which contains c(10) = 10 pentagons:
(0; 2; 1; 4; 5); (2; 4; 3; 6; 7); (4; 6; 5; 8; 9); (6; 8; 7; 0; 1); (8; 0; 9; 2; 3); (0; 4; 7; 9; 5); (2; 6; 9; 1; 7); (4; 8; 1; 3; 9); (6; 0; 3; 5; 1); (8; 2; 5; 7; 3):
It is clear that an SPS(n) is also an SPCD(n). SPS(n)s are known to exist for n ≡ 1; 5 (mod 10) and n = 15. Theorem 1.2. For any positive integer n ≡ 1 or 5 (mod 10); there exists an SPCD(n); except for n = 15.
The following results are also known [5] : Theorem 1.3. For any positive integer n ≡ 7 (mod 10); there exists an SPCD(n) except possibly when n = 17; 27; 37; 47; 67 or 77. The main purpose of this paper is to investigate the existence of SPCDs. Since there are above known results for odd orders, we shall focus on the existence of SPCDs when n is even. The following result is established in this paper: Theorem 1.5. For any even integer n¿6; there exists an SPCD(n) except possibly for n ∈ D; where D contains the integers in the following For odd n, we give some improvements of Theorems 1.3 and 1.4. In [5] , the existence of Steiner pentagon packing designs is established with a few undecided cases. We will improve this by constructing eight new Steiner pentagon packing designs.
Auxiliary designs
Our main approach is similar to that in [5] . That is, based on the existence of certain types of HSPSs, we recursively construct large orders of SPCDs using the small orders of SPCDs obtained by computer search.
Let S be a set and H = {S 1 ; S 2 ; : : : ; S n } be a set of subsets of S. A holey Steiner pentagon system having hole set H is a triple (S; H; B) where B is a collection of pentagons, satisfying the following properties:
1. Two vertices from the same hole S i do not occur together in any pentagon of B. 2. Two vertices from di erent holes S i and S j (i = j) are joined by a path of length 1 in exactly one pentagon of B, and also by a path of length 2 in exactly one pentagon of B.
The order of the system is |S|. If H = {S 1 ; S 2 ; : : : ; S n } is a partition of S, then we simply denote the system by HSPS(T ), where T is the type and deÿned to be the multiset {|S i | : 16i6n}. We shall use an 'exponential' notation to describe types: so type t If H = {H }, the system is called incomplete Steiner pentagon system, denoted by ISPS(|S|; |H |). It is obvious that an ISPS(n; k) is equivalent to an HSPS(1 n−k k 1 ). HSPSs have been useful in the construction of various combinatorial designs such as perfect Mendelsohn designs with block-size 5 (see [4, 6] ), authentication perpendicular arrays (see [9] ), and Steiner pentagon packing designs (see [5] ). The existence of HSPSs of uniform type h n has been investigated by Abel et al. in [1, 5] . The following known results are useful in this paper; these results are given in [5] .
Theorem 2.1. Necessary conditions for the existence of an HSPS of type h n ; are (1) n¿5; (2) n(n − 1)h 2 ≡ 0 (mod 5); and (3) if h is odd; then n must be odd. These three conditions are also su cient; except for (h; n) = (1; 15) and possibly for the following cases:
(1) h = 6 and n ∈ {6; 36}; (2) h = 15 and n ∈ {19; 23; 27}; (3) h = 30 and n ∈ {18; 22; 24}; (4) h ∈ {7; 9; 11; 13; 31; 37; 41} and n = 15.
From an HSPS we can ÿll in holes to obtain an SPCD as follows, which explains our main approach. 
pentagons. An SPCD(10a) contains c(10a) = 10a 2 pentagons. An SPCD(10b) contains c(10b)=10b 2 pentagons. An SPCD(2u) contains c(2u)= 2u 2 =5 pentagons. It is readily checked that
Thus, we may construct an SPCD on every hole of the HSPS to obtain the desired SPCD(v). When u = 2, we do not have an SPCD (4) . However, since a + b ¿ 0, we can adjoin a point to the size 4 hole and construct an SPCD(5) on the ÿve points. Since c(4) = c(5) = 2, the conclusion still holds.
The next set of lemmas will be useful when applying the above lemma. Lemma 2.5. Suppose there exists an HSPS of type 1 n u 1 and there exists an SPCD(u); where u is odd and n is even. Then there exists an SPCD(n + u).
Proof:
The HSPS contains
pentagons. An SPCD(u) contains c(u) = u(u − 1)=10 pentagons. It is easy to see that
Thus, we may construct an SPCD(u) on the size u hole of the HSPS to obtain the desired SPCD(n + u).
The following HSPSs are useful in this paper. Proof: Apply Lemma 2.3 with m = 5 and k = 6.
If n and k are two integers which are both even or both odd, then in a manner similar to the deÿnition of ISPS(n; k), we have the concept of an incomplete Steiner pentagon covering design (ISPCD). Let Y be a k-subset of an n-set X (of points). K n and K k are the complete undirected graphs based on X and Y respectively. An incomplete Steiner pentagon covering design is a triple (X; Y; B), where B is a collection of c(n) − c(k) pentagons from K n − K k satisfying the following properties:
1. Two vertices from Y do not occur together in any pentagon of B. 2. Two vertices from X , not both in Y , are joined by a path of length 1 in at least one pentagon of B, and also by a path of length 2 in at least one pentagon of B.
The ISPCD is also denoted by ISPCD(n; k). Y is called a hole. Note that an ISPCD(n; 0) is the same as an SPCD(n).
Example 2.9. There exists an ISPCD(8; 2) based on the set {1; 2; : : : ; 6}∪{x; y}, which contains c(8) − c(2) = 6 pentagons:
(1; 2; 3; x; 4); (1; 6; 5; 2; x); (3; 5; x; 6; 4); (1; 2; 4; y; 3); (1; y; 2; 6; 5); (3; 4; 5; y; 6):
The purpose of the concept is to construct an SPCD(n). The following lemma is evident.
Lemma 2.10. Suppose there exists an ISPCD(n; k). If k=4 or there exists an SPCD(k); then there exists an SPCD(n).
where B is the collection of pentagons in the ISPCD(n; k).
Direct constructions
For our direct constructions, we shall adopt the standard approach of using ÿnite abelian groups to generate the set of blocks (pentagons) for a given design. That is, instead of listing all of the blocks of the design, we shall for the most part list a set of base (or starter) blocks and generate others by an additive group and perhaps some further automorphisms. We shall often use '+k' method which means that by adding multiples of k (mod mk) we can obtain m pentagons from each starter pentagon. In the case of n = 10 of the next lemma, the 10 pentagons obtained from the two starter pentagons by using '+2' method are shown in Example 1.1.
Lemma 3.1. There exists an SPCD(n) for n = 6; 8; 10; 12; 20; 30; 40.
Proof: SPCD(6) and SPCD(8) are given in [5] . An SPCD(n), based on the set Z n has the following c(n) pentagons: n = 10: (0; 2; 1; 4; 5); (0; 4; 7; 9; 5) + 2 mod 10: n = 12: (0; 3; 1; 7; 11); (3; 11; 1; 2; 6); (0; 4; 5; 2; 9); (3; 1; 9; 4; 10); (3; 2; 0; 6; 8) + 4 mod 12: Proof: Each of these HSPSs has type h n u 1 for certain values of h; n; u and is based on the point set Z hn ∪ {x 1 ; x 2 ; : : : ; x u }. As before, apply the +2 or +4 method mod hn to the given base blocks. Here we add only 0; 2; 4; 6 to the last three blocks. Also, replace x 1 by x 2 when adding 2; 6; 10; : : : ; 38, to the fourth and ÿfth blocks. Here we add only 0; 2; 4; : : : ; 10 to the last three blocks. Also, replace x 1 ; x 3 ; x 5 by x 2 ; x 4 ; x 6 when adding 2; 6; 10; : : : ; 58, to the 2nd; 3rd; : : : ; 7th blocks. Here we replace x 1 by x 2 when adding 2; 6; 10; : : : ; 70, to the 5th and 6th blocks.
Recursive constructions
In the recursive constructions of group divisible designs (GDDs) and pairwise balanced designs (PBDs), the 'weighting' technique and Wilson's Fundamental Construction (see [13] ) are quite often used, where we start with a 'master' GDD and small input designs to obtain a new GDD. Similar techniques will be applied in our constructions of HSPSs, where we either start with an HSPS and use transversal designs (TDs) as input designs or start with a GDD and use some HSPSs as input designs. More speciÿcally, we shall make use of the following two constructions, which are taken from [1] . The second is a more general form of Construction 3:3 in [1] . For more background information about GDDs and PBDs the readers are referred to [7, 13] . weighting function) ; which has the property that for every block B={x 1 ; : : : ; x k }∈B there exists an HSPS of type (w(x 1 ); : : : ; w(x k )). Then there exists an HSPS of type { x∈G1 w(x); : : : ; x∈Gn w(x)}.
In the construction of GDDs or PBDs, the technique of 'ÿlling in holes' plays an important role. The technique for HSPSs is described as follows.
Construction 4.3 (Filling in holes).
(1) Suppose there exists an HSPS of type {s i : 16i6n}. Let a¿0 be an integer. For each i; 16i6n − 1; if there exists an HSPS of type {s ij : 16j6k i } ∪ {a}; where s i = 16j6ki s ij ; then there is an HSPS of type {s ij : 16j6k i ; 16i6n − 1} ∪ {a + s n }.
(2) Suppose there exists an HSPS of type {s i : 16i6n}. Suppose there exists also an HSPS of type {t j : 16j6k}; where s n = 16j6k t j . Then there is an HSPS of type {s i : 16i6n − 1} ∪ {t j : 16j6k}.
We now list some known results for applying the above constructions. The importance of ISPCDs and incomplete transversal designs is seen in the following lemma, which is an analogue of Lemma 3:5 in [11] .
Lemma 4.8. Suppose there exists an ISPCD(m + n + w; n + w); where m and n + w are even and m(m + 2n + 2w) ≡ 0 (mod 5). Further; suppose there exists an incomplete transversal design TD(5; m + n) − TD(5; n). Then there exists an ISPCD(5m + 5n + w; 5n+w). If there is also an SPCD(5n+w); then there exists an SPCD(5m+5n+w).
Proof: Let the groups of the incomplete transversal design T be G 1 ; : : : ; G 5 , and let the corresponding holes be the sets H 1 ; : : : ; H 5 . Let W be a w-set which is disjoint from the point set of T . Construct an SPS(5) on each block of T . From this we obtain 2[(m + n) 2 − n 2 ] = 2m 2 + 4mn pentagons. For 16i65, construct on each G i ∪ W an ISPCD(m + n + w; n + w) with hole H i ∪ W . This provides an additional 5(c(m + n+w)−c(n+w))= 1 2 (m 2 +2mn+2mw) pentagons since m(m+2n+2w) ≡ 0 (mod 5). We note that 2m 2 +4mn and 1 2 (m 2 +2mn+2mw) have a sum of c(5m+5n+w)−c(5n+w). Thus we obtain an ISPCD(5m + 5n + w; 5n + w). Filling in the size 5n + w hole with an SPCD(5n + w) gives an SPCD(5m + 5n + w).
SPCD(C) for C even
We shall establish in this section the existence of an SPCD(v) for v even. Proof: An SPCD(v) implies the existence of a bicover of pairs by quintuples on v points. The nonexistence of such a bicover is shown in [12] . The conclusion then follows.
We can now update the known results of Theorems 1.2-1.4 as follows.
Theorem 6.4. For any positive odd integer n ≡ 3 (mod 10); there exists an SPCD(n) except for n = 9; 15 and possibly for n ∈ F; where F contains the integers in the following table:
n (mod 10) n 1  None  5  None  7  27,37  9 19,29,99,119,139,159
Steiner pentagon packing designs update
A Steiner pentagon packing (SPP) of order n is a pair (K n ; B), where B is a collection of pentagons from K n such that any two vertices are joined by a path of length 1 in at most one pentagon of B, and also by a path of length 2 in at most one pentagon of B. As mentioned earlier, any SPS of order n gives a BIBD on n points with block size k = 5 and index = 2. An SPP of order n may lead to the ordinary packing on n points with k = 5 and index = 2. It is known (see [14, 3] ) that such a packing contains at most p(n) = n 5 n − 1 2 − blocks, where = 1 for n ≡ 7 or 9 (mod 10) and = 0 otherwise. If an SPP(n) contains the maximum number of p(n) pentagons, we call it a Steiner pentagon packing design (SPPD), denoted by SPPD(n). The existence of SPPD has been investigated by the authors in [5] . The next lemma provides eight new orders for existence. We can now update the known results of [5] in the following.
